BAI TAP CHUONG III

1. Ham sin xuat ctia doanh nghiép c6 dang Q = 25K°°L%5, trong d6 @ 1a san luong, K
13 von, L 1a lao dong. Cho biét gia thué mot don vi von px = 12, gia thué mot don

vi lao dong la py, = 3.

a. Tinh mic st dung K, L dé san xuat it nhat 1a Q = Q, = 1250 v6i chi phi nhd
nhat.

b. Xéc dinh ham téng chi phi (theo san lugng).

Lot gias.
a. Bai toan tuong duong voi bai toan sau:

px K + pr L — min

Q 2@0
K,L >0

Theo lij thuyét, ta biét rang bai todn trén ciing tuong duong vdi bai todn:

px K + pr L — min
Q :Qo
K, L >0

12K + 3L — min
25 K505 = 1250
{ K, L >0
T dieu kién, ta duge KL = 2500, hay K = @ Thé vao ham muc tiéu, ta duoc

2500
12 x —— 4+ 3L.
X 7 +

2500

Ap dung bét ding thic Cauchy x+y > 2/, ta duge gid tri nhé nhét l 2\/12 X I X

2500 .
600 khi 12 x < = 3L, hay L = 100. Két luan: mic st dung K, L vdi chi phi

nhé nhat la L =100, K = 2500/100 = 25.
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b. Bai toan tuong duong vdi bai toan sau:

12K + 3L — min

25 K0-5105 — Q
K,L >0

Ngodi phuong phdp thé s dung ¢ cau trude, ta c¢é thé dp dung ly thuyét vé diéu

kién toi wu cia ham chi phi nhu sau:

Qx _ px
Q/L L’
hay
L =4K.
. . 2 .
Thé vao dieu kién, ta duoc K* = %,L* = 2—? Theé vao ham muc tiéu, ta duoc
ham chi phi la
12 6 12
LTC(Q) = 12K+ + 31+ — 120 0@ _ 126

50 25 25

2. Ham san xuat clia doanh nghiép c6 dang Q = (K2 + 2L2)1/2 , trong d6 @ 1a san luong,
K 14 von, L 13 lao dong. Cho biét gia thué mot don vi von 1a px = 3, va gia thué mot

don vi lao dong la p;, = 12.

a. Tinh mitc sit dung K, L dé san xuét it nhat 1a Q = @, = 270 v6i chi phi nhé nhat.

b. Xac dinh ham tong chi phi (theo san lugng).
Lot giai.
a. Bai toan tuong duong vdi bai todn sau:

px K + pr L — min

Q > Q,
K,L >0

Theo lij thuyét, ta biét ring bai todn trén cing tuong duong vdi bai todn:

prK + prL — min
Q :Qo
KL >0

3K 4+ 12L — min
(K? +2L%)Y2 =270
K, L >0



Nghiem toi wu (K*, L*) phdi théa man dieu kién sau:

Q/K PK K* 3
Q. p Wor 120 "

Thé vao dang thic (K? + 2L*)Y? = 270, ta duogc
K* =90, L* = 180.

Két luan: Chi phi dat gid tri nhé nhat khi mic s dung von va lao dong lan lugt
la 90 wva 180, lic dé chi phi toi thiéu la 3 x 90 4+ 12 x 180 = 2430.

b. Bai todn tuong duong vdi bai todn sau:

3K +12L — min

(K2+2L2)1/2 — Q
K, L >0

Tuong tu cau trude, ta cé nghiém toi wvu (K*, L*) phdi théa man dicu kién sau
L*=2K".

. . 2 .
Theé vao dieu kién, ta duge K* = %,L* = ?Q Thé vao ham muc tiéu, ta dugc

ham chi phi la
LTC(Q) =3K" +12L" = 9Q).

3. Ham san xuat ctia doanh nghiép c6 dang

1 1 1/3
— —K3 _L3
Q= (5r+50)

trong d6 @ 1a san lugng, K 1a von, L 1a lao dong. Cho biét gia thué mot don vi von
la px = 3, gia thué mot don vi lao dong la py, = 6.

a. Tinh mic st dung K, L dé san xuét it nhat 1a Q = Q, = 540 v6i chi phi nhé nhét.

b. Xéc dinh ham téng chi phi (theo san lugng).
Loi gias.
a. Bai toan tuong duong voi bai toan sau:

px K + pr L — min

Q ZQO
K,L >0
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Theo lij thuyét, ta biét rang bai todan trén ciing tuong duong vdi bai todn:

px K + pr L — min
Q :Qo
K, L >0

3K 4+ 6L — min

1 . 1.\
<§K3+§L3> — 540

K, L >0
Nghiem toi wu (K*, L*) phdi théa man diéu kién sau:

*

Qx Dk 3
=~—, ha = —, hay L =2K".
o, o T T "

) : 1 1\
The vao dang thic (§K3 + §L3) = 540, ta dugc

K* =540, L* = 1080.

Két luan: Chi phi dat gid tri nhé nhat khi mic st dung von va lao dong lan lugt
la 540 va 1080, lic dé chi phi téi thiéu la 3 x 540 4+ 6 x 1080 = 8100.

b. Bai toan tuong duong vdi bai toan sau:

3K + 6L — min
1 1 1/3
_K3 _L3 —
(554 gm)  =c
K, L >0

Tuwong tu cau trude, ta cé nghiém toi wu (K*, L*) phdi théa man dieu kién sau
L =2K".
Thé vao dieu kién, ta dudc K* = Q, L* = 2Q. Thé vao ham muc tiéu, ta duoc ham

chi phi la
LTC(Q) =3K"+6L" =9Q.

4. Ham san xuat ciia doanh nghiép c6 dang Q = 25K%5L%% trong d6 @ la san luong,
K 1a von, L 1a lao dong. Cho biét gia thué mot don vi von 1a pr = 12, va gia thue

mot don vi lao dong pp, = 3.
a. Xac dinh ham chi phi.

b. Phan tich tac dong ctia gid thué mot don vi von t6i ham chi phi.
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c. Phan tich tac dong cta viéc ting san lugng léen ham chi phi. Tai mtc san lugng

nao doanh nghiép nén duy tri dé viéc san xuat c6 hiéu qua kinh té?
Lot giaa.
a. Theo bai tap trude, ta co ham chi phi la

120 6Q 129

LT =12K*+3L" = = .
¢@) 3 50 25 25

b. Theo cong thic trong tai liéu tham khdo, ta co

oLrc
OpK ’
(LTC K" X pr
Pr Lrc -
Do do,
oLTC
* Q x 12
[LTC K" Xpx _ 50 1
Pr LTC 12Q '
50

Tw do suy ra,
o khi gid thué mot don vi von tang lén 1 thi chi phi sé tang lén 0.02 trén moi
don vi sdn pham;
o khi gid thué mot don vi von tdang lén 1% thi chi phi ciing sé tang len 1% tai
bat ki miic sdn zuat nao.

c. Do ham chi phi LTC = 12Q /50 nén ta c6 ham gid tri can bién cia né la LMC =
12/50. Nghia la khi tang 1 don vi sin zudt trong diéu kién gid thué von va lao
dong khong doi thi chi phi sé tang lén 12/50, hay 0.24. Ngoai ra ta dé dang tinh
duge 5" = 1, nén khi tang maic sin zudt len 1% thi chi phi cing tang len 1%.
Do eéTC =1 khong phu thuoc vao Q, nén tai bat ki maic san lugng nao thi viéc san
zudt cing khong cé tinh kinh té theo quy mo; tuy nhién né cing khong cé tinh phi

kinh té theo quy mo.

5. Ham san xuat ctia doanh nghiép c6 dang Q = (K2 + 2112)1/2 , trong do6 @ la san lugng,
K 1a von, L 1a lao dong.

a. Xac dinh ham tong chi phi (theo sdn lugng @, gia thué mot don vi von px va gia
thué mot don vi lao dong pr).

b. Gid st tai chu k¥ sdn xuat thi nhat px = 3, pr, = 12. Néu tai chu ky sdn xuat tiép
theo, gid thué mot don vi von tang léen 1 don vi thi ham chi phi binh quan thay

doi ra sao?



Low giaz.
a. Bai toan tuong duong voi bai toan sau:

pr K + prL — min

(K2 +2LH)'? =Q
K, L >0

Nghiém toi wu (K*, L*) phdi théa man diéu kién sau

! K* 2
Q—f(:p—K, hay :ZE’ hay K*:ﬂL*.
Qp L 2L pr PL
Thé vao diéu kien (K% + 2L2)Y? = Q, ta duoc
I* — Q _ pL@
2 /2 2 oN1/2°
4pg (4171( + QPL)
— T 2
P
Tw do suy ra
2
K* — P @

(4p% + 2p2)"*
Thé vao ham muc tiéu, ta dudc ham chi phi la

2 2
LTC(Q) = piK* 4+ py Lt — \2Px T PL)Q

1
= SQ\/ 4% + 21
(dp% +2p3)" % 2 o

Ham chi phi binh quan la

Lrc 1 7

Do do, ta co

OpK VAps +2p7
p
(LAc 4pi
PK

Apg 2y
Khi gid thué mot don vi von tang lén 1 don vi thi ham chi phi binh quan tdng lén

2x 3
VA4 x 3242 x122

1
3
Va khi gid thué mot don vi von ting lén 1% thi ham chi phi binh quan tdang lén

4 x 32 1
= —%.
4x324+2x122 9
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6. Ham san xuat ctia doanh nghiép c6 dang

1 1 1/3
==-K3+=-L3
Q (9 b ) .

trong d6 @ 1a san lugng, K 1a von, L 1a lao dong. Cho biét gia thué mot don vi von

la pg = 3, va gia thué mot don vi lao dong la py, = 6.

a. Xac dinh ham téng chi phi (theo sin lugng).

b. Phan tich tadc dong ctia gia thué mot don vi lao dong lén chi phi binh quén.
Loi gias.

a. Bai toan tuong duong voi bai todan sau:

3K 4+ 6L — min

(K +2L) =Q
K, L >0

Tuwong tu cau trude, ta cé nghiém toi wvu (K*, L*) phdi théa man dicu kién sau
L =2K".

Thé vao dieu kién, ta dudge K* = Q, L* = 2Q. Thé vao ham muc tiéu, ta dugc ham
chi phi la
LTC(Q) = 3K* + 6L* = 9Q.

b. Ta co i
rac _ rre  L'pn 2@ x6 4

€

o T TITCT 0@ 3
Do dé, khi gid thué mot don vi lao dong tang lén 1%, thi chi phi binh qudn tang
len sdap xi 1.33%.

7. Gia st ham san xuat ctia doanh nghiép c6 dang Q = vV K L, trong d6 L 1a lugng lao
dong va K 13 lugng von. Cho gia von 1a pr = 25 va gia lao dong p;, = 100.

a. Xac dinh ham téng chi phi dai han LTC(Q).

b. Gid st & chu ky san xuét tiép theo, px lén 1%. Khi d6, ham tong chi phi thay doi
tuong do6i bao nhieu %?

Loi gids.

a. Tai mic san luong Q:
25K + 100L — min,
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vdi dieu kién la

Ham Lagrange tuong ing la
L(K,L,\)=25K + 100L + A(50VKL — Q)

Diéem dimng:
(K, L) = (2Q,Q/2).
Suy ra
LTC(Q) = 100Q.

K 2 25 .
b. Vi el = LIIjIC(‘ = ?OE)(Q = 0.5. Nén ham tong chi phi tang lén 0.5%.

8. Gia st mot doanh nghiép c6 ham sin xuat dang CES:
Q = (.1'2 =+ 2y2)1/2 R

trong d6 x 1a Iugng vat lieu thi nhat, va y 1a lugng vat lieu thit hai. Cho biét gia cia
mdi don vi vat lieu thit nhat va thit hai lan lugt 1a 1 va 2. Xac dinh ham san xuat dai
han theo lugng chi phi t6i da K. Khi chi phi thay ddi thi ham san xuét thay doi ra
sao?
Léi gidi. Bai todn cu thé
(952 + 2y2)1/2 — max.
vdi diéu kién:
r+2y < K wvax,y>0.
Diéu kién toi wu
0Q)
ox
0Q)
oy

Suy ra

Suy ra
PM(K) =K.

Do eEM =1, nén khi chi phi tang lén 1% thi sdn ligng ciing tang lén 1%.
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9. Gia stt mot doanh nghiép c¢6 ham sin xuat dang CES:

B 12 221/2

trong d6 x 1a lugng vat liéu thi nhat, va y 1a luong vat lieu thi hai.

a. Xac dinh ham san lugng theo miic kinh phi t6i da K, gia ctia vat lieu p,, p,.

b. Gi4 st ¢ chu ky sdn xuat thi nhat, p, = 3,p, = 12. Néu & chu k¥ san xudt tiép
theo gia ctia vat licu thi nhat tang len 1%, trong khi gia cia vat liu thit hai khong
thay doi thi ham san xuét thay doi ra sao?

L&i gidi.

a. Bai todan tuong duong vdi

voi dieu kién la

Diéu kien toi vu la

Y .
v Dy 2y py

Do dé, nghiem toi vu (x*,y*) théa man x* = 2y*&. Thé vao diéu kién xp, +yp, =

Dy
K, ta duogc

Tw do suy ra

. 2Kp,
24
Do do, ham sdan luong la
yPzsPDy) = | 5 5 = PYZRCEC R
3(2p2+p2)?*  3(2p2 +pl)? 3(2p2 +p2)
b. Ta dé dang tinh duoc
" 6p + 3p;’
2
PM 3Py .
" 6p3 + 3p;



Tai p, = 3,py = 12, ta co6
1
PM _
€pz (3, 12) = —§

Do dé, khi gid ciia vat lieu thit nhat tang lén 1%, trong khi gid ctia vat liéu thi hai
khong doi thy véi cung chi phi da cap trude dé, mitc sin zudt sé giam di 1/9%, tic
la vao khodng 0.11%.

10. Phan tich so sanh tinh d6i v6i ham san xuat c6 dang Cobb-Douglas sau day:
Q = Ay’
vii A > 0,a > 0,8 > 0 1a cic hang sob.
Lot giaz.
a. Phan tich hé sé can bién:
= = aAz s,
= = BAzyfL
T dé suy ra khi x tang hay gidm 1 don vi thi Q sé tang hodc giam aAx®1y? don
vi. Tuong tw nhu vay cho y va cho gid tri can bién toan phan.

b. Phan tich hé so co gian:
¢ =aq,
652 = f.
Tw dé suy ra khi x tang hay giam 1% thi Q) sé tang hodc giam o%. Tuong tu nhu
vay cho y va cho hé so co gidn toan phan.
c. Phan tich hé so thay thé:
Q. _ oy
Q, Bz
Do dé x c6 thé duogc thay thé bdiy. Va khi ta tang x mot don vi thi ta phdi gidm
y di % don vi dé khong lam thay doi sdn luong.

11. Phan tich so sanh tinh d6i v6i ham san xuat c6 dang CES sau day:
Q= Alaa” + By,
vii A>0,0<a,B <1, var>1lacac hing s6.
Low giaz.
a. Phan tich hé sé can bién:

6Q  Aax’(az” + By" )

oz z(oam + pyr)
@ _ Aﬂyr(axr 4 Byr>1/r
oy y(az™ + Byr)
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12.

13.

b. Phan tich hé s6 co gian:

Q@ = L
ox’” 4 By’
Q _ By"
€& = ————.
ox” + By
c. Phan tich hé so thay thé:
Q _ o
Q, B

Gia st ngudi tieu ding ¢6 ham 1gi ich U = ay +2x,2 > 0,y > 0, trong d6 z, v lan luot
13 lugng timg loai hang héa. Gia ciia ting loai hang héa lan lugt 14 p; = 4USD, py =
9USD. Hay t6i wu hoa chi phi va xac dinh lugng cau Hick tuong ting biét rang ngudi
tieu ding mudn thi hudng mic 1gi ich ¢6 dinh Uy = 900.

Giai:
Bai toan da cho tré thanh bai toan cuc tiéu cé diéu kién nhu sau:
Tim (z,y) sao cho C = 4z + 9y dat cyc tiéu véi dicu kien U(z,y) = zy + 22 = 900.

Giai bai toan cyc tri nay bang phuong phap nhan tit Lagrange, ta tim dugc duy nhat
mot diém ding M (45, 18) ting v6i nhan tit Lagrange duy nhat A = —0.2.

Kiém tra diéu kién cuc tri tai diem M(45,18) vi A = —2 ta tim dugc M chinh la
diém cyc tiéu véi Cpi, = 342 (USD).

Vay, dé chi phi téi thicu, lugng cau Hick tuong ting 1a & = 45,9 = 18. Liic d6 chi phi
C = 342 USD la nho nhat.

Xét hai loai hang héa X,Y trén thi truong véi gia clia mdi don vi hang héa X, Y lan
lugt 1a 5 USD va 20 USD. Gié st ham lgi ich duge cho béi U = (z+3)y, x > 0,y > 0.
Hay chon t1i hang (z,y) dé téi wu hoa 1gi ich trong dicu kien ngan sach danh cho tieu
dung 1& 185 USD va tim lugng cau Marshall tuong tng.

Giai:

Bai toan da cho trg thanh: Tim (z, %) théa diéu kien 5z + 20y = 185 de U = (z + 3)y
dat max.

Ta c6 thé giai bai toan nay bing phuong phap thé nhu sau:

52+ 20y = 185 & ¢ + dy = 37 = o = 37 — 4y
U:(x—i—S)y:(40—4y)y:40y—4y2,Vy20

Ta co:
U =—8y+40,U" =-8<0

Suy ra, U dat cuc dai khi y =5, 2 = 17.
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14.

15.

Vay, tai hang (z = 17,y = 5) lam t6i uu hoa 1gi ich U,,4, = 100. Lugng cau Marshall
tuong tng chinh 1la 7 = 17,y = 5.

Gia st mot doanh nghiép canh tranh ¢6 ham san xudt Q = KY/3L'/3 K > 0,L > 0.
Doanh nghiép dé phai vay von K dé sin xuét véi lai suat wg = 0.02 va tién thue
nhan cong w;, = 1. Gia st gia thi truong ctia san pham 1a 3. Ho6i doanh nghiép d6
can luong vén vay K va luong nhan cong can thué L la bao nhiéu dé 1gi nhuan dat
toi da.
Giai:
Doanh nghiép c6 chi phi san xuat C va doanh thu R nhu sau:

C=0.02K + L,R=pQ = 3K3L'/3

Do do6, ham Igi nhuan ctia doanh nghiép la:

t=R—C=3KYV3L'Y3 _ 002K — L

Ta sé tim K, L dé m dat cyc dai. Giai bai toan nay ta tim dugce 1gi nhuan dat cyc dai
Tmaz = D0 khi K = 2500, L = 50.

Giai bai toan t6i uu
flz,y) =2 +9*> — max
g(z,y) =20 +y <2
x,y > 0.
Loi giai. Ham Lagrange
theo diéu kien Kuhn-Tucker
(@)L (z,y,\) =22 —2A =0
(O)Ly(z,y,A) =2y —A=0
(c)Alg (96 y)—b=A2r+y—2)=0
(d)A =
(e)g(z, y) =2z+y<2
Ta ¢6 2 truong hop:
Truong hop 1. A =0



16.

17.

Vi vay nghiém trong trudng hop nay la (z,y, A) = (0,0,0).
Truong hop 2. 2z +y —2=0

Nghiém trong truong hgp nay la x = 0.8,y = 0.4, A = 0.8 > 0.
Vay nghiém t6i uu ctia bai toan 1a x = 0.8,y = 0.4, A = 0.8.
Giai bai toan toi uu
f(z,y) =2y — max
glz,y) =2* +y* <2
z,y 2> 0.

Ldi giai. Giai tuong tu nhu trén, nghiém t6i uu la (z,y) = £(1,1).
Giai bai toan toi wu

flz,y) = —(x—4)? - (y—4)* — max
gi(z,y) =x+y <4
g(ry)=x+3y <9
x,y >0.

Loi giai. Ham Lagrange
L(z,y,\) = —(z —4)* = (y = 4)* = Mi(z +y —4) = Ai(z + 3y — 9)
theo diéu kien Kuhn-Tucker, ta c6

2a =)= A = dy =0
—2(y—4) =X —3X=0
ME+y—4)=0
Ao(z+3y—9)=0

A >0,22>0
r+y<4x+3y<9

Tu M(z+y—4) =0va A (z+ 3y —9), ta ¢ 4 truong hop sau

Truong hop 1. +y —4 = 0,2 + 3y — 9 = 0. Ta tim dugc nghiem =z = 3/2,y =

5/2, )\1 = 6, )\2 =-1 < 0 (10&1)

Truong hop 2. x+y—4 = 0, Ay = 0. Nghiém tim dugc la x =2,y =2, A\ =4, Ay = 0.
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18.

Truong hop 3. Ay = 0,2 4+ 3y — 9 = 0. Nghiém tim dugc la z = 3.3,y = 1.8 khong
thoa x +y < 4 (loai).

Truong hop 4. Ay = Ay = 0. Nghiém tim dugc 1a © = y = 4 khong thoa x +y < 4
(loai).

Vay nghiem t6i vu la z = 2,y = 2.
Giai bai toan tbi uwu
flr,y) = —(r —2)? = 2(y — 1) — max
gi(z,y)=-z+y <0

g2z, y) =2 +4y <3
z,y 2> 0.

Lai giai. Giai tuong tu nhu trén, nghiem t6i uu la (z,y) = (5/3,1/3).
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